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FIVE-DIMENSIONAL NILPOTENT EVOLUTION ALGEBRAS 


A. S. HEGAZI AND HANI ABDELWAHAB 


Abstract. The paper is devoted to give a complete classification of five-dimension nilpotent evo¬ 
lution algebras over an algebraically closed field. We obtained a list of 27 isolated non-isomorphic 
nilpotent evolution algebras and 2 families of non-isomorphic algebras depending on one parameter. 


1. Introduction 

Evolution algebras were introduced in 2006 by Tian and Vojtechovsky [3] motivated by the evolution 
laws of genetics. In this sense, the multiplication in an evolution algebra expresses self-reproduction of 
non-Mendelian genetics. Evolution algebras are not defined by identities, and hence they do not form 
a variety of non-associative algebras; they are commutative, but not in general power-associative, and 
possess some distinguishing properties that lead to many interesting mathematical results. 

The classification, up to isomorphism, of any class of algebras is a fundamental and very difficult 
problem. In [2] the authors classified nilpotent evolution algebras of dimension up to four over an 
algebraically closed field. The aim of this paper is to give a full classification of nilpotent evolution 
algebras of dimension up to five over an algebraically closed field F. 

The paper is organized as follows. In Section [2] we describe the method that we use to classify 
nilpotent evolution algebras, which also appeared in [5]. In Section [3] we list, up to isomorphism, all 
nilpotent evolution algebras of dimension up to four. In Section 2] the classification of five-dimensional 
nilpotent evolution algebras is given. 


2. The method 

Definition 2.1. (See [4] .) An evolution algebra is an algebra £ containing a basis (as a vector space) 
B = {ci,..., e„} such that CiCj = 0 for any 1 < i < j < n. A basis with this property is called a 
natural basis. 

Definition 2.2. An ideal I of an evolution algebra £ is an evolution algebra satisfying £X C X. 

Given an evolution algebra £, consider its annihilator 

ann {£) •= {x & £ ■. x£ = 0} . 

Lemma 2.3. (See [I].) Let B = {ei,..., e„} be a natural basis of an evolution algebra £. Then 

ann {£) = span {e^ : e? = 0} . 

Given an evolution algebra £, we introduce the following sequence of subspaces: 

£■(1) = g(k+l) _ g{k)g^ 

Definition 2.4. An algebra £ is called nilpotent if there exists n £ N such that £1^"^ = 0, and the 
minimal such number is called the index of nilpotency. 

Let £ be an evolution algebra with a natural basis Bs = {ei,..., Cm} and U be a vector space 
with a basis By = {em-i-i, ■ • ■, e„}. Let Z {£ x £, V) be the set of all bilinear maps 9 : £ x £ —>V 
such that 9{ei,ej) = 0 for all i ^ j ■ Set £g = £®V, and then define a multiplication on £e by 
Ci * Cj = CiCj \s +9 {ci, Cj) ii 1 < i,j < m, and otherwise ei * ej = 0. Then £g is an evolution algebra 
with a natural basis Bsg = {ei,...,en}. The evolution algebra £g is called a (n — m)-dimensional 
annihilator extension of £ by V. 

Let 9 : £ X £ —> U be a symmetric bilinear map. Then the set 9^ = {x € £ : 9(x,£) = 0} is called 
the radical of 9. 

Lemma 2.5. (See [H Lemma 11].) Let 9 G Z {£ x £,V). Then ann{£g) = fl ann (F) j © V. 
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So, if y is a non-trivial vector space then the annihilator of Eg will be non-trivial. 

Theorem 2.6. Let E be an evolution algebra with ann {E) ^ 0. Then there exist, up to isomorphism, 
a unique evolution algebra E, and a 9 G Z {E x E,V) with 6^ n ann {E) = 0 such that E = Eg and 
Ejann (E) = E. 

Proof. Let {ei,..., e„} be a natural basis of E such that {cm+i, ■ • ■, e„} be a basis of ann {E). Set 
V = ann{E), and let E he a. complement of y in £ (i.e., E = E (B V). Let P : E —>■ E be 

the projection of E onto E (i.e., P {ci) = if 1 < i < m, and otherwise P {ef) = 0). Define a 

multiplication on E by Ci *e Cj = P {oiCj) for 1 < i, j < rn. Then E is an evolution algebra. Moreover, 
P {ciCj) = P (ci) *E P {^j) for 1 < f, j < n. Hence P is a homomorphism of evolution algebras. So, 
E/V = E. Define a bilinear map 9 : E x E —V by 9{ei,ej) = CiCj — P {ciCj) for 1 < i,j < rn. 
Then 9 £ Z {E x E,V) and 9^ fl ann (E) = 0. Therefore, Eg is an evolution algebra. Further, 
Ci = Ci *E Sj + 9 {ci, Cj) = CiCj for all 1 < *, j < m. So, Eg is the same evolution algebra as 

E. □ 

Now, for a linear map / £ E[om{E,V), if we define Sf : E x E —>V by 6f {ei,ej) = f [ciCj), 
then df G Z {E X E, y). Let B {E x E,V) = {Sf : f £ Horn {E, y)}. Then B{E x E, y) is a subspace 
oi Z {E X E, V). We define TLiE x E, V) to be the quotient space Z {E x E, V) /B {E x E, V). The 
equivalence class oi 9 & Z {E x E ,V) \s denoted [0] &TL{E x E,V). 

Lemma 2.7. Let 9,d G Z {E x E,V) such that [0] = [i?]. Then 

(1) 9^ n ann {E) = i?"*" fl ann {£) or, equivalently, ann {Eg) = ann (Eg). 

(2) Eg = Eg. 

Proof. (1) Since [9] = [i?], d = 9 + Sf ior some / £ Hom{E,V). So ■d{x,y) = 9{x,y) + f (xy) 

for all x,y £ E. Hence 9{x,y) = xy = 0 ii and only if i? (x, y) = xy = 0. Therefore 

9^ n ann (E) = fl ann (E). Then, by Lemma [2?5l ann (Eg) = ann (Eg). 

(2) See [H Lemma 5]. 

□ 

Let E be an evolution algebra with a natural basis = {ei,..., e^} and y be a vector space 
with a basis By = {cm+i, ■ • ■, e„}. Then a 9 G Z (E x E ,V) can be uniquely written as 9 (ci, ef) = 

n—m 

9j (ei,ei) Cm+j, where 9j G Z (E xE,¥). Moreover, 9 £ B (E x E,V) if and only if all 9j £ 
f=i 

B (E X I?, F). Furthermore, 9^ = 9^ C\.. .fi 9^_^. 

Lemma 2 . 8 . (See [5J Lemma 6 ].) LetE be an n-dimensional nilpotent evolution algebra. Let ei,..., 
be a basis of E^^K Then dimP (E x E,¥) = n — m and B (E x E,¥) = (Se\,... ,Se^) where e*(ej) = Sij 
and Sij is the Kronecker delta. 

Let E be an evolution algebra with a natural basis Bs = {ei,..., Cm}- We define Sei,ej to be the 
symmetric bilinear form Sei,ej '■ E x E —with (£i,Cm) = 1 if {i,j} = {hm}, and otherwise 
(ci, Cm) = 0. Denote the space of all symmetric bilinear forms on E by Sym (E). Then Sym (E) = 
{Sei,ej ■ i £ i £ j £ TTi) while Z (E x E,¥) = (^ei.ei : 1 = 1)2,..., m). 

Example 2.9. Let F : ef = 62 be a 2-dimensional nilpotent evolution algebra. Then Z (E x E,¥) = 
{Sei,ei, Se 2 ,e 2 )- By Lemma \2.8[ B(E x F, F) = {Se\). Since B (E x F, F) is a subspace of Z (E x E, F), 
Se 2 = aSei,ei + l3Se2,e2- Then a = Se^ (ei,ei) = e* (ef) = 1 and ft = Se^ ( 62 , 62 ) = 6 * ( 6 ^) = 0. So, 
B (E X £1,F) = (Sej^,ei) and therefore Tl (E x E,¥) = ([Se 2 ,e 2 \)- 

Let Aut (E) be the automorphism group of the algebra E. Let 4> G Aut (E). For 9 G Z (E x E ,V) 
defining (fi9 (ci, ej) = 9 (cj) (ef ), </> (cj)) then (f)9 G Z (E x E, V) if and only if 9 (cf (a), </> (ej)) = 0 for any 

m 

if^j. Consider the matrix representation and assume that 9 = 'YliCiiSei,&i G Z (E x E,¥). Then 9 can 

i—1 

be represented by an to x m diagonal matrix (ca), and then ((>9 = <f)^{cii)(j). So, (f>9 G Z (E x E, V) if 
and only if the matrix represents (1)9 is diagonal. Define a subgroup Sg (E) of Aut (E) by 

Sg (E) = {(fG Aut (E) : 9 (cf (a ), (f (ej)) = 0 Vf ^ j} . 

Then, for each cf G Sg (E), (j)9 G Z (E x E ,V) and therefore Ej,g is an evolution algebra. Further, ^0 £ 
B(E X E, V) if and only ii 9 G B(E x E,V) and hence [(1)9] is a well-defined element oi'H(E x E, V). 

Lemma 2.10. Let 9 G Z (E x E,V) and (j) G Sg (E). Then Ej,g = Eg. 
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£g by a{x + v) = (/) (x) + v ior x G £ and v G V. Then cr is a 


Proof. Define a linear map a : £^g 
bijective map. Moreover, 

a {{x + v){y + w)) = a {xy + (fe {x,y)) 

= f^ixy) + (l>0 {x,y) 

= (l>{x)(l>iy)+0{(l){x),(l){y))) 

= a {x + v) a {y + w) 

for any x,y G £ and v,w G V. Hence a is an isomorphism. 


□ 


Let GL {V) be the set of bijective linear maps V — )> V. Let if G GL (V). For 9 G Z {£ x £ ,V) 
define if9{ei,ej) = if {9 {ei,ej)). Then if9GZ{£x £,V). So, GL{V) acts on Z (£ x £,V). Also, 
9 G B {£ X £,V) it and only it if 9 G B {£ x £, V). Hence GL {V) acts on'H{£ x £, V). 

Lemma 2.11. Let 9 G Z {£ x £,V) and if G GL{V). Then £g = £.^g. 


Proof. Define a linear map a : £g —> £.,pg by cr(a; + v) = x + if (v) for x G £ and v G V. Then cr is a 
bijective map. Moreover, 

cr {{x + v){y + w)) = a {xy + 9 (x, y)) = xy + if (9 (x, y)) = a (x + v) a (y + w) 
for any x,y G £ and v,w G V. Hence a is an isomorphism. □ 

Lemma 2.12. Let 9,9 G Z {£ x £,V). If there exist a map (f G Aut {£) and a map if G GL(V) such 
that \(f9] = [if 9], then £g = £.g. 

Proof. Let (f G Aut (£) and if G GL{V) such that [(f9] = [if9] (i.e., (f G Sg {£)). Then, by Lemma [^771 
£^g = £.,p.g. Moreover, by Lemma [2. 101 and Lemma [2. Ill £g = £^g = £jp.g = £-g. □ 

Lemma 2.13. (See [U Lemma 14].) Let £ be an evolution algebra with a natural basis Bg = 

{ei,...,em}, V be a vector space with a basis By = {cm+i, • ■ •, e„}, and 9,9 G Z {£ x £ ,V) with 

n—m 

9^ n ann(£) = fl ann(£) = 0. Suppose that 9(ei,ei) = 9j{ei,ei)em+j 9{ei,ei) = 

n—m 

9j [ci, Ci) Cm+j- Then £g = £^ if and only if there is a (f G Aut (£) (more precisely, (f G (£)) 

1=1 

such that the [<f9i\ span the same subspace of'H{£ x i?,F) as the [9^]. 

Definition 2.14. Let £ be an evolution algebra with a natural basis Bg = {ei,...,em}- If £ = 
(ei,.., Cr-i, Cr+ii Cm) ©Fe^ is the direct sum of two nilpotent ideals, then ¥er is called an annihilator 
component of£. 

Lemma 2.15. (See [H Lemma 16].) Let £ be an evolution algebra with a natural basis Bg = 

{ei,...,em}, V be a vector space with a basis By = {cm+i, •. •, e„}, and 9 G Z {£ x£,V). Sup- 

n—m 

pose that 0 (e^, ej = Y g) Cm+j cind 9'^ fl ann (£) = 0. Then £g has an annihilator component 

1=1 

if and only if [0i], [^ 2 ], • ■ ■, [^*s] are linearly dependent in'H{£ x £, F). 

Lemma 2.16. Let (f G Aut {£) and 9 G Z {£ x £,¥). Then dim {(f9)'^ = dim9^. 

Proof. Since (f9{x,£) = 9 {(f{x) ,£), x G {(f9)^ if and only if (f{x) G 9^^. Define a linear map 
a : {(f9)^ —1 0'*' by a {x) = (f (x). Then ct is a bijective map. So, dim {4>9)'^ = dim^"^. □ 

For 6 »i, 6 ' 2 , .. .,9n-m G Z{£ X £’,F), let ( 6 >i, 6 ' 2 ,.. .,9n-m) = (mi, m 2 ,. ■. ,mn-m) be the ordered 
descending sequence of dimfl^'', dim 6 >^,..., dim 6 >^_^. 

Corollary 2.17. Let (f G Aut{£) and 9i,...,9n-m G Z(£x£,¥). Then dt {9i,... ,9n-m) = 
d! {(f9i,...,<f9n-m)- 

Let [0i],..., [9n-m\ G'H{£ X £, F). We define 'll ([0i],..., [9n-m\) to be the least upper bound for 
the lexicographic order of the set 

{4' (-di,..., 9n-m) : di,..., 9n-m G Z {£ X £,¥) and ([ 6 »i],..., [ 6 >„_m]) = ([di],..., [d„_m])} • 

Lemma 2.18. Let £ be an evolution algebra with a natural basis Bg = {ei,... ,em\, V be a vector 
space with a basis By = {em+i, ■ • ■, e„}, and 9,9 G Z (£ x £ ,V) with 9^ fl ann (£) = d"^ fl ann {£) = 

n—m n—m 

0 . Suppose that 9{ei,ei) = Y Si{ei,ei)em+i and 9{ei,ei) = Y ei)em+i- If £e = £■& then 
m (([di],..., [d„_™])) = vh (([dii!..., [d„_„])). 
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Proof. Let E-g = Eg. Then by Lemma 12.131 there exists (p G Aut{E) such that 

, . . . , [p'dn-m]) = ([ 6 'l] , . . . , [On-m]). Then (([(/a?l] , . . . , [p-dn-m])) = ^ (([ 6 'l] , . . . , [On-m]))- 

Further, let {[p'di],..., [p'dn-m]) = [vi, ■ ■ ■,Vn-m) for some , ? 7 „_„ G Z {E x £:,F). Then 

{[p^i],. ■. ,[ 4 '^n-m]) = [?7„_„]) and therefore [t!>”Sn-m]) 

By Corollary [2371 T (yy^,..., ?y„_„) = • ■ •, and hence ((['di],..., [d„_m])) > 

(ry^,... ,?y„_^). So, T (([di],..., [d„_m])) > ([^di],..., [ 0 d„_m])- On the other hand, 

let ^'(([di],...,[d„_™])) = 'S for some r][, ... G Z{ExE,¥). Then 

([di],..., [dn-m]) = {[v'l] ,■■■, Wn-m ]) and therefore ([(/>di],..., [ 0 d„_^]) = {[cl>r][],..., [cpVn-m])- 
So, by Corollary| 2 II 71 (([di],..., [d„_,m])) < ,■■■, [cp'dn-m]))- This completes the proof. □ 

Now we carry out a procedure that takes as input a nilpotent evolution algebra E of dimension m 
with a natural basis Bg = {ei,..., Cm}- It gives us all nilpotent evolution algebras E of dimension 
n with a natural basis = {ei,..., em, Cm+i, • ■ • j e„} such that £/ann(^'^ = E and £ has no 
annihilator components. The procedure runs as follows: 

( 1 ) Determine Z {£ x E,¥) ,B {E x F,F) and 'H{£ x F,F). 

( 2 ) Let F be a vector space with a basis By = {cm+i, ■ ■ ■, en}- Consider [ 9 ] G'H[£ x £,V) with 

n—m 

d (Ci , 6 ^) — ^ ^ 9 j {ci , Cj) CjYig-j , 

i=i 

where the [ 9 j\ GT-L{£ x £,¥) are linearly independent, and 9 ^ fl ann {£) = 0 . Use the action 
of Sg {£) on [d] by hand calculations to get a list of orbit representatives as small as possible. 

( 3 ) For each 9 found, construct Eg. Get rid of isomorphic ones. 

3 . Nilpotent evolution algebras of dimension up to four 

Here we list all nilpotent evolution algebras over an algebraically closed field F of dimension up to 
four. We denote the j-th algebra of dimension i with a natural basis {ei,..., e^} by and among the 
natural basis of Eij the multiplication is specified by giving only the nonzero products. Throughout 
the paper, we describe the automorphism group, Aut(£), of an evolution algebra £ using column 
convention: the action oi a. (p G Aut {£) on the i-th basis element of E is given by f-th column of the 
matrix of (p. 

Theorem 3 . 1 . (See^.) Any nilpotent evolution algebra of dimension < 3 over an algebraically closed 
field F is isomorphic to one of the following algebras: 


£ 

Multiplication Table 

B(E X F,F) 

n{E X F,F) 

ann ( 6 ’) 

Aut ( 6 ’) 

^ 1,1 



Sym (Fpi) 

^ 1,1 

CL(Fi,i) 

^ 2,1 



Sym (^2,1) 

^ 2,1 

GL{E 2 ,i) 

£2,2 

e\ = 62 

(^ei,ei) 

([<^62.62]) 

(e 2 ) 

, On 0 

0 — 2 

021 afi 

^■3.1 



Sym (£3,1) 

^ 3.1 

UL(F 3 .i) 

£3,2 

6 ? = 62 

(^ei,ei) 

([<^62,62]) [^63,63]) 

(62,63) 

P = 

ail 0 0 

O2I afi 023 
031 0 033, 


£3,3 

e? = 63,6| = 63 

(*^61,61 “t“ <^62,62) 

([^ei.ei] ) [^63,63]) 

( 63 ) 

(p = 

Oil T 
O12 + 

OllOl 

On 012 0 

021 O22 0 

.031 O32 033_ 

021 = O33, 

O22 = O33, 

2 + O21O22 = 0. 

5 

£3,4 

6? = 62,6^ = 63 

('^ei,ei; ^62,62) 

([< 5 e 3 ,e 3 ]) 

(63) 

cp = 

ail 0 0 

0 0^1 0 

031 0 ofi 



Table 1. Nilpotent evolution algebras of dimension up to three. 


Let us now classify 4-dimensional nilpotent evolution algebras. For this, we have the following 
subsections. 
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3 . 1 . Nilpotent evolution algebras with annihilator components. By Definition 12.141 we get 

the algebras = 8^,1 0 fi.i, j = 1 ,..., 4 . 


3 . 2 . 1-dimensional annihilator extensions of Let \6] = Oi [< 5 ei,ei] + <^2 [<^62,62] +03 [<^63.63] G 
H (^34 F) such that arm (F34) = 0 . Then 010203 7^ 0 . Let (j) be the following automorphism 


4> 


Then [ 00 ] = [dei,ei] + [^62.62] + [^es.ea]- 
the algebra £4^5 : ef = = e| = 64. 


Oi = 0 0 ’ 

= 0 02 ^ 0 ■ 

_ 0 0 - 

So, we may assume 0 = ^ei,ei + ^62,62 + <^63,63 


Hence we get 


3 . 3 . 1-dimensional annihilator extensions of ^3,2- Let [ 0 ] = 

'H (^3,2xF 3_2,F) with 0102 7^ 0 . Let 0 be the following automorphism 


0 = 



0 

1 

0 


0 

0 


0^1 [^62,62] 


q ;2 [<563,63] s 


Then [ 00 ] = [^£2,62] + [<563,63]- So, we may assume 0 = ^62,62 + <563,63- Hence we get the algebra 
1 ^ 4,6 ■ ef = 62: ei = 63 = 64. 

3 . 4 . 1-dimensional annihilator extensions of £3,3. Let [ 0 ] = oi [^ei,6i] + Q<2 [<563,63] G 

TL (F3,3xF 3_3,F) with 02 7^ 0 . If oi = 0 , then [ 0 ] = 02 [063,63]- Since 02 [063,63] spans the same subspace 
as [063,63], we may assume that 0 = 063,63- Thus we get the algebra £4,7 : ef = 63, = 63, e| = 64. If 

oi 7^ 0, we choose 0 to be the following automorphism 


0 = 


Q^r <^ 2 " 
0 
0 


0 

ofo^^ 

0 


0 

0 

OiO^^ 


Then [00] = O 1 O 2 ^ ([062,62] + [< 563 , 63 ])- So, we may assume 0 = 062,62 +063,63- Hence we get the algebra 
£4^8 : ef = 63 + 64,62 = 63, e§ = 64. Further, £^4^7 is not isomorphic to £4^3 since ilr (([063,63])) = ( 2 ) 
while 4 ' (([ 062 , 62 ] + [<563,63])) = ( 1 )- 

3 . 5 . 1-dimensional annihilator extensions of £ 3 ^ 4 . As Ti (£ 3 ^ 4 x 83 ^ 4 ,F) is spanned by ([ 063 , 63 ]), 

we may assume 0 = 063 , 63 - Therefore we get the algebra £ 4^9 : ef = 62 , = 63 , e§ = 64 . 

3 . 6 . 2-dimensional annihilator extensions of ^ 2 . 1 - Here "H (F 2.1 XF 2 . 1 ,F) = ([0ei,6i], [062,62]) and 
therefore we get only one algebra, namely £ 4^9 : ef = 63 , e| = 64 . 


Theorem 3.2. Any 4 -dimensional nilpotent evolution algebra over an algebraically closed field F is 
isomorphic to one of the following pairwise non-isomorphic algebras: 


£ 

Multiplication Table 

B {£ X £.’,F) 

%{£ X £.’,F) 

ann { 8 ) 

£4,1 



Sym (£4,1) 

£4,1 

£4,2 

e'i = 62. 

(<561 ,6l) 

([< 562 ,62 


^63,63 

7 

^£4 ,£4 

) 

(e2,63,64) 

£4,3 

e'i = 63,6^ = 63. 

( 061,61 + 062,62) 

([061,61 

7 

^63.63 

7 

^£4 ,£4 

) 

(63,64) 

£4,4 

e'i = 62, e'i = 63. 

(^ei ,ei 7 *^62 ,£2 ) 

([< 563,63 

7 

^£4 ,£4 

) 

(63,64) 

£4,5 

e'i = 64, 62 = 64, 63 = 64. 

( 061,61 + 062,62 + 063,63) 

([062,62 

7 

^63,63 

, 064,64]) 

(64) 

£4,6 

61 = 62, 62 = 64, 63 = 64. 

(^ei,ei 7 *^£ 2,62 ^fi 3 ,£ 3 ) 

([< 563,63 

7 

^£4 ,£4 

) 

(e 4 ) 

£4.7 

61 = 63,6^ = 63,6^ = 64. 

(061,61 + 062,62,063,63) 

([062,62 

7 

^£4 ,£4 

) 

(64) 

00 

64 = 63 -|- 64, 62 = 63, 63 = 64. 

(^£l,£l “t“ < 5 e 2,£2 7 ^£l,£l “1“ *^£3,63) 

([< 563,63 

7 

^£4 ,£4 

) 

(64) 

£4,9 

61 = 62,6^ = 63,6^ = 64. 

( 061,61 , 062,62 ,063,63) 

([< 564,64 

) 

(e 4 ) 

£4,10 

61 63, 62 64. 

(^£1 ,£l 1 ^£2 ,£2 ) 

([< 5 e 3,63 

7 /^£ 4 ,£ 4 . ) 

(63,64) 


Table 2 . Nilpotent evolution algebras of dimension four. 


4 . Five-dimensional nilpotent evolution algebras 

In this section we give a complete classification of five-dimension nilpotent evolution algebras over 
an algebraically closed field F. 
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4.1. Nilpotent evolution algebras with annihilator components. By Definition 12.141 we get 

the algebras fsy = 0 Ei^i, i = 1 ,..., 10 . 


4.2. 1-dimensional annihilator extensions of £ 4 ^ 1 . Here Aut {£ 4 ^ 1 ) = GL {£ 4 ^ 1 ). Moreover, 

4 

H (f X f,F) = Sym[£ 4 ,i) and ann[£ 4 ,i) = £ 4 ^ 1 . Let 9 = '^aiSei,ei with 01020304 ^ 0. Let (j) 

i—1 

be the following automorphism 


Oi ' 
0 
0 
0 


0 
_ ] 
02 ' 

0 

0 


o. 


Then (j)9 = assume that 6 = Therefore we get the algebra 

i=l ’ i=l 

c 2 2 2 2 

^ 5,11 : 61 — 62 — 63 — 64 — 65. 


4.3. 1-dimensional annihilator extensions of £ 42 - The automorphism group Aut {£4 2 ) consists 
of 


Let [9] = Oi [(5e2,e 


On 

0 

0 

0 ■ 

021 

o?i 

O23 

024 

031 

0 

O33 

O34 

.041 

0 

043 

044. 

63] + 

Q !3 [^64 

,64] 

with c 


: 044 (033044 - 034043) 7^ 0 


Oi 

0 

0 

0 


0 
_ ] 
H ' 
0 
0 


Qin 


0 

0 

0 

_ j 

^3 M 


Then [ 06 >] = [(^e^.es] + [^63,63] + [^64.64]- So we get the algebra 

^5,12 : 64 = 62, ^2 = 63 = 64 = 65. 


4.4. 1-dimensional annihilator extensions of £ 4 , 3 . The automorphism group Aut (£^ 4 , 3 ) consists 


On 

012 

0 

0 ■ 

021 

022 

0 

0 

031 

032 

033 

034 

041 

042 

0 

044. 



such that 


011 O 12 + 022 O 21 = 0 , 

Oil + 021 “ 033 = 0; 

O 12 + O 22 ~ 033 = 0 , 

033044 (011O22 — 012O21) 7^ 0. 

Let [0] = oi [Sei,ei] + ct 2 [^ 63 , 63 ] + <^3 [<^ 64 , 64 ] with a 2 <a 3 7 ^ 0. Suppose first that oi = 0. Consider the 

0 0 0 

a 2 0 0 

0 0 ’ 

0 0 a 3 ^_ 

Then [00] = [< 5 e 3 ,e 3 ] + [^ 64 , 64 ]- So we get the algebra 

£^ 5,13 : Cl = 63 = 63, 63 = 64 = 65. 


following automorphism 



0 

0 
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Assume now that ai = 0. Let </> be the following automorphism 

02 ^ 0 0 0 

± _ 0 al a 2 ^ 0 0 

0 0 0 

0 0 0 q;iq;2 

Then [4)9] = ([<5ei,ei] + [(^ea.ea] + [5ei,ei])- we may assume that 9 = 6 e^,ei + + (5e4,e4- 

Hence we get the algebra 

c 2 , 2 2 2 

= 63 H- 65,62 = 63,63 = 64 = 65 . 

Further, £ 15 , 13 , £ 15,14 are non-isomorphic since (([(Jea.es] + [ 5 e 4 .,ei])) = (2) while (([(5ei,ei] + [<^ 63 , 63 ] + [^ 64 , 64 ])) 
(!)• 

4.5. 1-dimensional annihilator extensions of £14 4. The automorphism group Aut (£4 4) consists 
of 

fan 0 0 0 1 


0 a?i 0 0 

331 0 a|i 0 


: 011044 ^ 0 . 


- 031 0 oil 0 • ^ 

[041 0 0 044, 

Let [ 9 ] = oi [^63,63] + 012 [<^64,64] with aiQ;2 ^ 0 . Consider the following automorphism 

a;"® 0 0 0 

, 0 07 ^ 0 0 

(j) — _ 1 

0 0 " 0 

_ 0 0 0 

Then [(j) 9 ] = [<563,63] + [^64,64]- Hence we get the algebra 

£b,ib '■ Cl = 62, 62 = 63, 63 = el = 65. 

4 . 6 . 1-dimensional annihilator extensions of £14,5. The automorphism group Awt (£14,5) consists 
of 

On 012 oi 3 0 

, _ O21 022 023 0 

^ O31 032 O33 0 

041 O42 O43 044_ 

such that 


011O13 + 021O23 -f 031O33 = 0 , 

012O13 + 022O23 + 032O33 = 0, 

O11O12 -f O21O22 + 031O32 = 0, 

oil “f ®2i A oil — 044 = 0, 

O 12 + O 22 + O 32 — 044 = 0 , 

0I3 + 0^3 -f 0I3 — O44 = 0 

det (j) ^ 0. 


Let [ 0 ] = oi [<562,62] + 6X2 [<563,63] + 6X3 [<564,64] with 03 ^ 0 . Let us consider the following cases: 

( 1 ) Qfi = 0:2 = 0 . Then we may assume that 9 = < 564 , 64 - So we get the algebra 

<75,16 : el = el = el = 64 , el = 65 . 

( 2 ) «! ^ 0,0:2 = 0 . Let (j) be the following automorphism 

0103 ^ 0 0 0 

0 Oi Og ^ 0 0 

0 0 ofog^ 0 

000 0103 ^ 

Then [(j) 9 ] = olog ^ ([<562,62] + [<564,64])- So we may assume that 9 = < 562,62 + < 564 , 64 - Therefore 
we get the algebra 

<75,17 • el = el = 64, el = 64 -f 65, el = 65. 
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( 3 ) ai = 0,a2 ^ 0 . Let (j) be the following automorphism 

0 0 0 
0 0 0 

0 a|a3^ 0 0 

000 a2a^^ 

Then [(j) 0 \ = (['^£2,62] + [1^64,64])- So, we again get the algebra £15,17. 

( 4 ) «! = q; 2, Gi 0 . Let (j) be the following automorphism 

aiGg^ 0 0 

0 —aia^^ 0 

0 0 0 

0 0 —aiGg^ 

Then [ 4 > 9 ] = -afa^^ [^ei,ei + <^£3,63] + ['j£4,£4] = ai^s ^ ([^£2.£2] + ['^£4.£4])- So we may 

assume that 0 = (5e2,£2 + '^e4,£4- So, we again get the algebra £15,17. 

( 5 ) aia2 («! — G2) ^ 0 . Let (p be the following automorphism 

0 0 0 

0 0 0 

0 0 0 
0 0 0 aiQfg^ 

Then [pO] = GiQ;^^ (['^£ 2 ,£ 2 ] + ['5£3,£3] + [<5e4,£4]). So we may assume that 0 = Se 2 ,e 2 + 

al|"^a2<5fi3,fi3 + '^£ 4 ,£ 4 - Set a = alj"^a 2 . Then a ^ 0,1. So we get the algebras 
<,a6F* —{1} 2 2,2,2 

'^ 5,18 ■ ®1 “ ® 4 ) 62 — 64 + 65, 63 — 64 + ae5, 64 — 65. 

Since (([(5e2.e2] + ['^£4.£4])) = ( 2 ) and (([(5e2,e2] + « ['^£3,63] + [<^e4,e4])) = ( 1 )) '^^ 5.17 is non¬ 
isomorphic to £ 1 ^ 18 . Further, we claim that £l“i8 is isomorphic to £lfi8 if and only if /3 = 
a, a~^, 1 — a, (1 — a) ^, a (a — 1 ) ^, a~^ (a — 1 ). To see this, suppose first that £l^i 8 — £15 is- Then 
there exists ape Aut (£14,5) such that p{[6e2,e2\ + « [<5£3.£3] + ['^£4.£4]) = ^ ([<5£2.£2] + [<^£3.£3] + ['5£4.£4]) 

for some A G F*. This the amounts to the following polynomial equations: 

^22 T '3:032 -f 042 — (021 T ^^31 T *^41) “ ^5 

023 + <3033 + O43 ~ (oil + <3031 + 044) = A/ 3 , 

044 = A, 

021O22 + 041042 -l- 0:031032 = 0, 

021O23 -l- 041043 -l- 0031033 = 0, 

022O23 + 042O43 -I- 0032O33 = 0 , 

041O44 = 0, 

042O44 = 0, 

043044 = 0, 

In addition to these equations we have 

011013 -I-O21O23 -I-O31O33 = 0 , 

012013 -I- O22O23 + O32O33 = 0 , 

011 O 12 + 021 O 22 + 031 O 32 = 0, 

Oil T oil T O31 — 044 = 0, 

O12 O22 + O32 — 044 = 0, 

013 + O23 + O33 — O44 = 0 , 

det (/) yf 0, 

which ensure that p e Aut (£14,5). To solve these equations, it is convenient to compute the Grobner 
basis of the ideal generated by all of the previous polynomial equations to get an equivalent set of 
equations which may be easier to solve. This way, we get (among others) the following equation: 
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a^j3‘^ — 2a^(3^ + — 3a^/3^ + 6a^/3^ — 3q;®/ 3^ — a^/3® + Sa"*/?® — + 3a^/3 — + 2a^j3^ — 6a^/3® + 

ha^P'^ + 5q;^/ 3^ — 6a^/3 + 2a^ — q;^/ 3® + 3a^/3^ — ha^p^ + 3q;^/ 3 — — 3a/3‘^ + 6a/3^ — 3 q;/3^ + Z?"' — 2/3^ + /3^ = 
0. This is equivalent to ((1 — a) /3 — 1) (/3 — (1 — a)) (a/3 — 1) (/3 — a) (a/3 — (a — 1)) (/3 (a — 1) — a) = 
0, as claimed. Conversely, let /3 = a, a~^, 1 — a, (1 — a)~^ , a (a — 1)”^, a~^ (a — 1). Consider the 
following automorphisms 


1 

a2 

0 

0 

o’ 


■ 0 


0 

0 ■ 


0 

0 

1 

a2 

0 

d) — 


0 

0 

0 

d) — 

0 

1 

a2 

0 

0 

1 “ 

0 

0 


0 

•> 93 — 

0 

0 

0 

a 


. 0 

0 

0 

-1. 



0 

0 

0 


0 

(1 - a)- 
0 
0 


(1 - a)’ 
0 
0 
0 


0 

0 

0 

a — 1. 


0 

0 

0 


0 

0 

(a - 1)5 

0 



(a — 1) ^ 

0 

0 

0 


Then 


</>i 

([< 5 e 3 . 

.ej 

+ 

CX [<^63 

.ea] 

-b 

[< 5 e 4 . 

,e 4 ]) = 

a^ 

([<^62,62] + Oi 

[^ea,ea 

1 + [<^64,64])) 



4>2 

([< 5 e 3 . 

,ej 

-b 

CX [<^63 

.ea] 

-b 

[^e 4 . 

,e 4 ]) = 

[<^62,62] + (1 — a 

) ['^ea.ea] 

+ ['^64.64], 



4>3 

([< 5 e 3 . 


+ 

(X [<^63 

,63] 

-b 

[^e 4 . 

,e 4 ]) = 

(a 

- 1)' ([^e2.e2 

] + (l- 

'a) ^ [<^ 63 ,ea] + 

['^64,64 

■0’ 

4>4 

([< 5^3 

,e.] 

+ 

(X [<^63 

,63] 

-b 

[^e 4 

,e 4 ]) = 

(a 

- 1)' ([^e2.e2 

] + a (a 

- 1)“' [< 5 ea,ea] 

+ ['^64 

,64]) > 

^5 

([^e. 

,ej 

-b 

(X [<^63 

,63] 

-b 

[^e 4 

,e 4 ]) = 

a" 

(['^62,62] + “ 

^ (a — 1) [iJea.ea] + 

.e 4 ]) • 


Therefore 

, COc 

A ^ 5 ,; 

L8 ■ 

^ , 

COc~^ <■ 

“" 5,18 ' 

= < 

f*! — Ct rv 

■" 5,18 - 

, p(l-a)- 

- ^ 5,18 

1 

pa(a-l)-i ^ 
“"STS — 

cOL ^{a- 

^ 5,18 

This completes 

the proof of 


the claim. 


0 

0 

0 

a — 1 


4.7. 1-dimensional annihilator extensions of £14 6 - The automorphism group Aut (£4 e) consists 
of 

ftii 000 

, 0 a?4 0 0 

'^= 0 0 a33 0 

041 0 043 afi 

Let [6] = ai [iJea.ea] + 02 [<^ 64 , 64 ] with 02 0. If ai = 0, we then may assume that 9 = ^ 64 , 64 - So we 

get the algebra 

•^^ 5,19 : 64 = 62, 62 = 63 = 64, 64 = 65. 

Otherwise, we choose (j) to be the following automorphism 

\fa^ 0 0 0 

0 ^axoq^ 0 0 

0 0 ^ oio^^ 0 

0 0 0 aia^^_ 

Then [(j) 9 \ = ([ileg.es] + [< 5 e 4 ,e 4 ])- So we may assume that 9 = + <^ 64 , 64 - Hence we get the 

algebra 

•^^5,20 : 64 = 62, 62 = 64, 63 = 64 + 65, 64 = 65. 

Since (([( 3 e 4 ,e 4 ])) = (3) and 4' (([( 5 e 3 ,e 3 ] + ['^ 64 . 64 ])) = (2), '? 5 ,i 9 is non-isomorphic to £■ 5 , 20 - 


■ ®33 “ ® 111 ®11 7 ^ 3 . 


4.8. 1-dimensional annihilator extensions of £ 14 , 7 . The automorphism group Aut {£ 4 ^ 7 ) consists 


Oil 

012 

0 

0 ■ 

021 

O22 

0 

0 

0 

0 

033 

0 

041 

042 

0 

® 33 - 
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such that 

Oliai2 + 022021 = 0, 

Oil + O 21 ~ 033 = 0, 

O12 + O22 ~ 033 = 0, 

033(011022-012021) ^ 0 . 

Let [0] = ai [Se 2 ,e 2 ] + 0^2 [ 1 ^ 64 , 64 ] with a 2 7 ^ 0. If ai = 0, we then may assume that 9 = So we 

get the algebra 

^ 5,21 ■ e? = 62 = 63 , e§ = 64 , e| = 65 . 


Otherwise, we choose (p to be the following automorphism 



Oil 01-2 '' 

0 

0 

0 

(P = 

0 

of 

0 

1 _i 

0 


0 

0 

al 02 

0 

2 _ 2 

4 1 

0 

0 

0 

0-1 0-2 "" 


Then [(jiO] = ala 2 ^ (['^£ 2 , 62 ] + [<^ 64 , 64 ])- So we may assume that 6 = Jej.ea + £ 4 , 64 - Hence we get the 
algebra 

£ b,22 '■ Cl = 63, 62 = 63 + 65, 63 = 64, 64 = 65. 

Further, £5,21, £’5,22 are non-isomorphic since (([^64,£4])) = ( 3 ) while -|- [ 5 ei , ei \)) = ( 2 ). 


4.9. 1-dimensional annihilator extensions of £ 48 - The automorphism group Aut{S/is) consists 
of 



On 

0 

0 

0 ■ 


■ 0 

012 

0 

0 ■ 


0 

022 

0 

0 


021 

0 

0 

0 

(Pl = 

0 

0 

«11 

0 

) 4^2 — 

0 

0 

a?2 

0 


.041 

042 

0 

Oil- 


.041 

042 

— O12 

Ol2- 


/ 2 _ 2 / r\ 2 _ 2 

■ On 7= 0, On — O22,012 7= 0,042 — 024. 


Let [ 6 ] = oi [(^ea.ea] + 0 L 2 [< 5 e 4 .e 4 ] with 02 7 ^ 0. Then we may assume that 9 = 
a G F. So we get the algebras 


^ 64,£4 where 


cct^F 

^5,23 


e? = 63 


64 


62 = 63 -f 065, 63 = 64, 64 = 65. 


Further, we claim that ^“23 is isomorphic to £^23 if only if a = /3. To see this, let F ^23 — ^5 23 - 
Then there exist a </> G Aut (£ 4 , 3 ) such that 

( j ) {a [^63,£3] + [<5e4.£4]) = -^ (/3 [^£3,£3] + [<^£ 4 .£4]) ; S if*- ( 4 - 1 ) 

Suppose first that (j) = (pi- Then Eq. dUD amounts to the following polynomial equations: 

OQii O 41 “t“ U 42 = On — A, U 41 U 42 = 0, UnU4i = 0, UnU42 — 0. 

As On 7 ^ 0 we have 041 = 042 = 0. Consequently, we get a = (3. Assume now that ^ = (/) 2 . Then Eq. 
amounts to the following polynomial equations: 

O 12 (012 O 41 “t“U42 ^ A/3, a 12 ^ A, U 4 IO 42 — O 12 U 41 ^ 0, U 12 U 4 I ^ 0,Ui2U42 “ 0,Ui 2U42 — 0;Oi2 ^ 0. 

The last equation implies that 012 = 0, which is impossible as det (j) ^ Q (i.e., (p ^ Sg {£ 4 ^ 3 )). Therefore, 
we have a = /3 when ^“23 — ^5 23 ; ^s claimed. 


4.10. 1-dimensional annihilator extensions of £ 4 ^ 9 . Since 'H{£ x £,¥) = (\ 5 e 4 ,e^), we therefore 
get the algebra 

F4.24 : 64 = 62, ef = 63, 63 = 64, 64 = 65. 


4.11. 1-dimensional annihilator extensions of £ 4 ^ 0 - The automorphism group Aut {£ 4 ^ 19 ) con¬ 
sists of 


On 

0 

0 

0 

022 

0 

031 

0 

ofi 

-O41 

042 

0 


0 ■ 

0 

0 

022- 


: 044022 7 ^ 0. 
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Let [ 0 ] = ai [(^ea.ea] + ^2 [1^64,64] with ^ 



0 

0 


. Let (j) be the following automorphism 

0 0 0 

02 0 0 

0 0 ' 

0 0 a2 ^ 


Then [(j) 0 ] = [(Jeajes] + [^64,64]- So we may assume that 0 = (Jea.ea + ^64,64- Thus we get the algebra 

^ 4,25 : = 63, 62 = 64, 63 = 64 = 65. 

4 . 12 . 2-dimensional annihilator extensions of 83^1. Here Aut{E4^i) = GL (83^1) and 
HiE X 8 ,¥) = Sym (i?3,i). Let 01,02 G Sym (£3,1) such that 0 ^ <102 = 0 . Without loss of generality 
we may assume that 0 i = 5 ei,ei +0:^63,63, ^*2 = ^€2,€2 +/3^e3,e3- Therefore, iL (( 0 i, ^2)) G {( 2 , 1 ), ( 1 , 1 )}. 
Suppose first that iL {{0i,02)) = ( 2 , 1 ). Then we may assume that 0 i = 6ei,€1,(^2 = <^62,62 + PSe3,e3, 
where j 3 ^ 0 . Let </> be the following automorphism 


1 0 ( 

0 1 ( 

0 0 / 3 " 


_1 

2 


Then (j) 0 i = 0 i, (j)02 = Se2,e2 + '^63,63- So we get the algebra 


<72 22 

•^ 4,26 : 64 = 64, 62 = 63 = 65. 


Assume now that (( 0 i, ^2)) = (Ij !)• Then a /3 ^ 0 . Let </> be the following automorphism 




1 

0 

0 



0 ■ 
0 

_ 1 

a 2 


Then (j) 0 i = i 5 ei,ei +^63,63,= a ^/3 {5e2,e2 + ^63,63)- So we may assume that 0 i = ( 3 ei,ei +^63,63, ^2 = 

5 e2,e2 + ^63,63- Hence we get the algebra 

c 2 2 2 I 

^ 4,27 : 64 — 64, 62 — 63 — 64 + 65. 


4.13. 2-dimensional annihilator extensions of 83^2- As "H (£l 3 _ 2 X'^^ 3 , 2 iIF) = ([( 3 e 2 , 62 ]: [<^ 63 , 63 ]) we 
get only one algebra, namely 

•^^ 4,28 : 64 = 62, 62 = 64, 63 = 65. 

4.14. 2 -dimensional annihilator extensions of £ 13 , 3 . As "H (£ 13 , 3 x£ 13 ^ 3 , F) = ([i 3 e 2 , 62 ]> [ 1 ^ 63 , 63 ]) we 
get only one algebra, namely 

^ 4,29 : 64 = 63, 62 = 63 + 64, 63 = 65. 

Theorem 4.1. Any five-dimensional nilpotent evolution algebra with a natural basis {64,... 65} over 
an algebraically closed field F is isomorphic to one of the following algebras: 

• £15^4 : all products are zero. 

• 83^2 : 64 = 62. 

• '^^ 5.3 : 64 = 63, 62 = 63. 

• £^5,4 : 64 = 62, 6^ = 63. 

• £^5,5 : 64 = 64, e \ = 64, 6| = 64. 

• £^5,6 : 64 = 62, 62 = 64, 6| = 64. 

• £^ 5,7 : 64 = 63, el = 63, 6§ = 64. 

• £^5,8 : 64 = 63 + 64, 62 = 63, 63 = 64. 

• £^5,9 : 64 = 62, 6^ = 63, 6§ = 64. 

• £^ 5,10 • ef = 63, 62 = 64. 

• £^5.11 : ef = 6^ = 6^ = 6| = 65. 

• £^ 5,12 : ef = 62, ei = 6§ = 6^ = 65. 

• £^ 5,13 : ef = 6^ = 63, 6§ = 6^ = 65. 

• £^ 5,14 : 6f = 63 + 65, 62 = 63, 6§ = 64 = 65. 

• £^ 5,15 : ef = 62, 62 = 63, 6^ = 64 = 65. 

• £^ 5,16 ■ ef = 62 = 63 = 64, 64 = 65. 

• £^ 5,17 ■ cf = 63 = 64, 6^ = 64 + 65, 64 = 65. 

{ 1 } 0 2 , 9,9 

• £5 48 : 6f = 64, 6^ = 64 + 65, 6§ = 64 + 065, 64 = 65. 
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• '■ ef = 62, e| = 63 = 64, 64 = 65. 

• '^5,20 : ef = 62, 63 = 64, e| = 64 + 65, 64 = 65. 

• ^5,21 : 64 = e| = 63, e| = 64, 64 = 65. 

• £b,22 '■ 64 = 63, 62 = 63 + 65, e| = 64, 64 = 65. 

• : ef = 63 + 64,6| = 63 + 065, ei = 64, el = 65. 

• ^4,24 : 64 = 62, 62 = 63, e§ = 64, 64 = 65. 

• '^4^25 • e\ = 63, e| = 64, e| = 64 = 65. 

• ^ 4,26 • e\ = 64, e| = 63 = 65. 

• ^ 4,27 • 64 = 64, 62 = 6^ = 64 + 65. 

• £4,28 : 64 = 62, 62 = 64, e§ = 65. 

• i^^ 4,29 : 64 = 63, 62 = 63 + 64, el = 65. 

Among these algebras there is precisely the following isomorphism: 

• '^^,18 - ^hs */ if (/3 - a) (/3 - i) (/5 - 1 + a) [P - t^) = 0. 
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